Magnetic structure at zigzag edges of graphene bilayer ribbons by Castro, Eduardo V. et al.
ar
X
iv
:0
80
1.
27
88
v1
  [
co
nd
-m
at.
me
s-h
all
]  
17
 Ja
n 2
00
8
Magneti struture at zigzag edges of graphene bilayer ribbons
Eduardo V. Castro
1
, N.M.R. Peres
2
, J.M.B. Lopes dos Santos
1
1
CFP and Departamento de Físia, Fauldade de Ciênias Universidade do Porto, P-4169-007 Porto, Portugal and
2
Center of Physis and Departamento de Físia,
Universidade do Minho, P-4710-057, Braga, Portugal
We study the edge magnetization of bilayer graphene ribbons with zigzag edges. The presene of
at edge-state bands at the Fermi energy of undoped bilayer, whih gives rise to a strong peak in the
density of states, makes bilayer ribbons magneti at the edges even for very small on-site eletroni
repulsion. Working with the Hubbard model in the Hartree Fok approximation we show that the
magneti struture in bilayer ribbons with zigzag edges is ferromagneti along the edge, involving
sites of the two layers, and antiferromagneti between opposite edges. It is also shown that this
magneti struture is a onsequene of the nature of the edge states present in bilayer ribbons with
zigzag edges. Analogously to the monolayer ase, edge site magnetization as large as m ≈ 0.2µB
(per lattie site) even at small on-site Hubbard repulsion U ≈ 0.3 eV is realized in nanometer wide
bilayer ribbons.
PACS numbers: 73.20.-r, 73.20.At, 73.21.A, 73.22.-f, 73.22.Gk, 81.05.Uw
I. INTRODUCTION
Graphene, the two dimensional allotrope of arbon, has
reently been attrating a great deal of attention. Sine
its isolation three years ago [1℄ a plethora of unusual
and interesting properties has been revealed [2, 3, 4℄.
From the point of view of fundamental physis, low-
energy quasi-partiles in graphene behave like massless
Dira fermions propagating at an eetive veloity of
light v ≈ 106ms−2. A rather unusual physis is then
observed, where the half-integer quantum Hall eet is a
paradigmati example [5, 6℄. Graphene is also regarded
with great expetations from the point of view of teh-
nologial appliations. Stability and ballisti transport
on the submirometre sale, even at room-temperature,
make graphene based eletronis a promising possibility.
The possibility of reating staks of graphene layers
with the auray of a single atomi layer, providing an
extra dimension to be explored, is another advantage of
graphene for eletroni appliations. Of partiular inter-
est to us is the double layer of graphene  the bilayer.
Bilayer graphene has shown to have unusual eletroni
properties, though unexpetedly dissimilar to those ex-
hibited by its single layer parent. The new type of integer
quantum Hall eet observed in bilayer graphene [7, 8℄,
whih is indued by hiral paraboli bands, is an example
of its uniqueness. From the point of view of appliations,
bilayer graphene is even more promising for some ele-
troni devies. It has reently been shown that the band
struture of bilayer graphene an be ontrolled externally
by an applied eletri eld so that an eletroni gap be-
tween the valene and ondution bands an be tuned
in a ontrollable way [9, 10, 11℄. This makes the bilayer
graphene the only known semiondutor with a tunable
energy gap and may open the door for potential applia-
tions on atomi-sale eletroni devies [12℄.
Among the unommon features of monolayer graphene
we nd the rather dierent behavior of the two possi-
ble (perfet) terminations: zigzag and armhair. While
zigzag edges support loalized states, armhair edges do
not [13, 14, 15℄. These edge states our at zero en-
ergy, the same as the Fermi level of undoped graphene,
meaning that low energy properties may be substantially
altered by their presene. The self-doping phenomenon
[16℄, the edge magnetization with onsequent gap open-
ing in graphene nanoribbons [17℄, and half-metalliity
[18℄ are examples of edge states driven eets.
The presene of zero energy edge states at zigzag edges
of bilayer graphene has reently been onrmed assum-
ing a rst nearest-neighbor tight-binding model [19℄. Two
families of edge states has been found to oexist in the
bilayer: monolayer edge states, with nite amplitude on
a single plane; and bilayer edge states, with nite ampli-
tude on both planes, and with an enhaned penetration
into the bulk. As in single layer graphene, bilayer edge
states show up in the eletroni spetrum as at bands
at zero energy  the Fermi energy of undoped bilayer.
These non-dispersive bands gives rise to a strong peak
in the density of states right at the Fermi energy, whih
brings about the question of spontaneous magneti or-
dering due to eletron-eletron interations.
In the present paper we study the magneti struture
of zigzag bilayer graphene ribbons indued by eletron-
eletron interations, whih are inluded through the
Hubbard model. Working within the Hartree Fok ap-
proximation we show that due to the presene of edge
states, whih indue a strong peak in the density of states
at the Fermi energy, zigzag bilayer ribbons show edge
magnetization even for very small on-site eletroni re-
pulsion. Moreover, it is shown that the spin ongura-
tion is ferromagneti along the edge, with parallel spins
ourring on both layers, and antiferromagneti between
opposite ribbon edges. Suh a magneti ordering an
be interpreted as being a onsequene of the edge state
struture in bilayer graphene.
The paper is organized as follows: in Se. II we present
the model and the mean eld deoupling used here; for
a better interpretation of our results we review briey in
2Se. III the edge states for non-interating zigzag bilayer
ribbons; in Se. IV we present and disuss the results of
this work; we lose with onlusions in Se. V.
II. MODEL AND MEAN FIELD TREATMENT
The study of the magneti struture in AB−staked
bilayer graphene given here is based on the ribbon geom-
etry with zigzag edges shown in Fig. 1. We use labels 1
and 2 for the top and the bottom layers, respetively,
and labels Ai and Bi for eah of the two sublatties
in layer i. Eah four-atom unit ell (parallelograms in
Fig. 1) has integer indies m (longitudinal) and n (trans-
verse) suh that ma1 + na2 is its position vetor, where
a1 = a(1, 0) and a2 = a(1,−
√
3)/2 are the basis ve-
tors and a ≈ 2.46Å is the lattie onstant. The simplest
model one an write to desribe non-interating eletrons
in AB-staked bilayer is the rst nearest-neighbor tight-
binding model given by,
HTB =
2∑
i=1
HTB,i +H⊥, (1)
with,
HTB,i = −t
∑
m,n,σ
a†i,σ(m,n)
[
bi,σ(m,n)+bi,σ(m−1, n)+
bi,σ(m,n− 1)
]
+ h.., (2)
H⊥ = −t⊥
∑
m,n,σ
a†1,σ(m,n)b2,σ(m,n) + h.., (3)
where ai,σ(m,n) [bi,σ(m,n)℄ is the annihilation operator
for the state in sublattie Ai (Bi), i = 1, 2, at position
(m,n), and spin σ =↑, ↓. The rst term on the right hand
side of Eq. (1) desribes in-plane hopping, t ≈ 2.7 eV,
while the seond term parametrizes the inter-layer ou-
pling, t⊥/t≪ 1. In order to examine the magneti polar-
ization due to eletron-eletron interations we add the
Hubbard term to Eq. 1. The total Hamiltonian desrib-
ing the bilayer system reads,
H = HTB +HU , (4)
where HU represents the on-site Coulomb interation,
HU = U
2∑
i=1
∑
m,n
[
a†i,↑(m,n)ai,↑(m,n)a
†
i,↓(m,n)ai,↓(m,n)
+ b†i,↑(m,n)bi,↑(m,n)b
†
i,↓(m,n)bi,↓(m,n)
]
,
(5)
The Hubbard model is a good starting point to study
magnetism whenever the density of states at the Fermi
energy is large enough to produe eetive sreening of
the Coulomb interation. This is true for the lean bi-
layer, where a nite density of states at the neutrality
x
y
m+1 m+2m-  1 m
n+1
n
2a
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FIG. 1: Ribbon geometry with zigzag edges for bilayer
graphene.
point produes some amount of sreening in the sys-
tem [20℄. It is ertainly the ase in the presene of zigzag
edges, where the density of states peak at the Fermi en-
ergy implies very eetive sreening.
The system Hamiltonian in Eq. (4) is treated here
within mean-eld theory. In the Hartree Fok approx-
imation the mean-eld version of Eq. (4) reads,
HMF = HTB +H
MF
U , (6)
with
HMFU = U
2∑
i=1
∑
m,n,σ
[
n˜Ai,−σ(m,n)a
†
i,σ(m,n)ai,σ(m,n)
+ n˜Bi,−σ(m,n)b
†
i,σ(m,n)bi,σ(m,n)
]
, (7)
where n˜Γi,σ(m,n) is the eletroni density for spin σ =↑
, ↓ at the site of sublattie Γ = A,B and layer i = 1, 2 of
the ell (m,n). The eletroni spin densities n˜Γi,σ(m,n)
have to be determined self-onsistently through,
n˜Ai,σ(m,n) =
〈
a†i,σ(m,n)ai,σ(m,n)
〉
MF
, (8)
n˜Bi,σ(m,n) =
〈
b†i,σ(m,n)bi,σ(m,n)
〉
MF
, (9)
where the average 〈· · · 〉MF is done with the mean-eld
Hamiltonian in Eq. (6). Quantum utuations, whih are
ignored within mean-eld theory, are expeted to redue
the magneti moments but not to hange signiantly the
overall magneti struture. As a further approximation
we assume that the self-onsistent solution of Eqs. (8)
and (9) is m independent, i.e.,
n˜Ai,σ(m,n) ≡n˜Ai,σ(n) = 1
L
∑
m
n˜Ai,σ(m,n), (10)
n˜Bi,σ(m,n) ≡n˜Bi,σ(n) = 1
L
∑
m
n˜Bi,σ(m,n), (11)
where L is the longitudinal ribbon length. We an justify
this approximation here beause we are mainly interested
on the study of edge magnetization when edge states are
present, and, as we will see in Se. III, edge states are
homogeneous along the edge. Note, however, that we
3keep the sublattie index in Eqs. (10) and (11), meaning
that we an still have in-ell inhomogeneity.
Without loss of generality we assume that the ribbon
in Fig. 1 has N unit ells in the transverse ross setion
(y diretion) with n ∈ {0, . . . , N−1}, and we use periodi
boundary onditions along the longitudinal diretion (x
diretion). Noting the translational invariane of the rib-
bon along the x diretion, and having Eqs. (10) and (11)
in mind, it is easy to diagonalize Hamiltonian (6) with
respet to the m index just by Fourier transform along
the longitudinal diretion, H =
∑
k Hk, with Hk given
by,
Hk = HTB,k +H
MF
U,k , (12)
where,
HTB,k =
− t
2∑
i=1
∑
n,σ
a†i,σ(k, n)[(1 + e
ik)bi,σ(k, n) + bi,σ(k, n− 1)]
− t⊥
∑
n,σ
a†1,σ(k, n)b2,σ(k, n) + h.. , (13)
and,
HMFU,k = U
2∑
i=1
∑
n,σ
[
n˜Ai,−σ(n)a
†
i,σ(k, n)ai,σ(k, n)
+ n˜Bi,−σ(n)b
†
i,σ(k, n)bi,σ(k, n)
]
, (14)
with self-onsistent spin densities given by Eqs. (10)
and (11), whih an be rewritten as,
n˜Ai,σ(n) =
1
L
∑
k
〈
a†i,σ(k, n)ai,σ(k, n)
〉
MF
, (15)
n˜Bi,σ(n) =
1
L
∑
k
〈
b†i,σ(k, n)bi,σ(k, n)
〉
MF
. (16)
All onlusions presented in Se. IV regarding the mag-
neti struture of zigzag bilayer ribbons are drawn by
solving Eqs. (12-16).
III. EDGE STATES IN THE
NON-INTERACTING LIMIT
It is shown in Se. IV that the results for the edge
magnetization of zigzag bilayer ribbons are a onsequene
of the edge state struture found in this system [19℄. In
this setion we briey review the main features of bilayer
edge states for U = 0 in Eq. (4), i.e., in the absene of
interations.
The band struture of a bilayer ribbon with zigzag
edges is shown in Fig. 2 (a) for N = 400, obtained by
numerially solving Eq. (13). We an see the partly at
bands at E = 0 for k in the range 2pi/3 ≤ ka ≤ 4pi/3,
orresponding to four edge states, two per edge. The
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FIG. 2: (Color online) (a) - Energy spetrum for a graphene
bilayer ribbon with zigzag edges for N = 400. (b) - Zoom
in of panel (a). () - Charge density of the edge states at
k/2pi = 0.36. (d) - The same as in () at k/2pi = 0.364. The
interlayer oupling was set to t⊥/t = 0.2 in all panels.
zoom shown in Fig. 2 (b) for ka ≈ 2pi/3 learly shows
that there are four at bands.
In order to understand the spatial struture of edge
states in bilayer graphene we solve the Shrödinger equa-
tion, HTB,k |µ, k〉 = Eµ,k |µ, k〉, for Eµ,k = 0, where µ
labels the eigenstate index inluding spin. First we note
that Hamiltonian HTB,k in Eq. (13) eetively denes a
1D problem in the transverse diretion of the ribbon. It
is then possible to write any eigenstate |µ, k〉 as a lin-
ear ombination of the site amplitudes along the ross
setion,
|µ, k〉 =
∑
n
2∑
i=1
[
αi(k, n) |ai, k, n, σ〉+ βi(k, n) |bi, k, n, σ〉
]
,
(17)
where the four terms per n refer to the four atoms per
unit ell, to whih we assoiate the one-partile states
|ci, k, n, σ〉 = c†i,σ(k, n) |0〉, with ci,σ = ai,σ, bi,σ, spin
σ =↑, ↓, and i = 1, 2. To aount for the nite width
of the ribbon we require the following boundary ondi-
tions,
α1(k,N) = α2(k,N) = β1(k,−1) = β2(k,−1) = 0. (18)
After solving the Shrödinger equation for zero energy and
the boundary onditions in Eq. (18) we nd four possible
eigenstates per k, where the only nonzero oeients for
eah of them are given by [19℄:
α1(k, n) = 0 , α2(k, n) = α2(k, 0)D
n
k e
−i ka
2
n ; (19)
α1(k, n) = α1(k, 0)D
n
k e
−i ka
2
n,
α2(k, n) = −α1(k, 0)Dn−1k t⊥t e−i
ka
2
(n−1)
(
n− D2k
1−D2
k
)
;
(20)
4β1(k, n) = β1(k,N − 1)Dn
′
k e
i ka
2
n′ , β2(k, n) = 0 ; (21)
and
β1(k, n) = −β2(k,N − 1)Dn
′−1
k
t⊥
t
ei
ka
2
(n′−1)
(
n′ − D2k
1−D2
k
)
,
β2(k, n) = β2(k,N − 1)Dn′k ei
ka
2
n′ ;
(22)
where Dk = −2 cos(ka/2) and n = N − n′ − 1, with
n′ ∈ {0, . . . , N − 1}. As is easily seen, the oeients
in Eqs. (19-22) give onvergent wave funtions only if
2pi/3 < ka < 4pi/3, in whih ase they represent zero
energy states loalized at the surfae  edge states  and
provide an explanation for the four at zero energy bands
in Fig. 2 (a) and (b). Equations (19) and (20) orrespond
to edge states loalized at the top zigzag edge in Fig. 1,
and Eqs. (21) and (22) are edge states loalized at the
bottom zigzag edge in the same gure. Note, however,
that the solutions given by Eqs. (19-22) are exat eigen-
states only for semi innite systems, where the boundary
onditions given in Eq. (18) are fully satised. In a -
nite ribbon overlapping of the four edge states leads to
a slight dispersion and non-degeneray. Nevertheless, as
long as the ribbon width is suiently large, this eet
is only important at ka ≃ 2pi/3 and ka ≃ 4pi/3 where
the loalization length is large enough for the overlap-
ping to be appreiable [15℄. For ompleteness we give
the normalization onstants appearing in Eqs. (19-22),
|α2(k, 0)|2 = |β1(k,N − 1)|2 = 1−D2k, (23)
|α1(k, 0)|2 = |β2(k,N − 1)|2 = (1 −D
2
k)
3
(1 −D2k)2 + t2⊥/t2
. (24)
An example of the harge density assoiated with
Eq. (20) is shown in panels () and (d) of Fig. 2 for
t⊥/t = 0.2, where the |α1(k, n)|2 dependene an also
be seen as the solution given by Eq. (19) for |α2(k, n)|2,
apart from a normalization fator. Of partiular inter-
est to understand the magneti struture due to intera-
tion eets is the fat that edge states in zigzag bilayer
graphene are suh that at one edge they live only on
sublattie A whereas at the opposite edge they live on
sublattie B.
IV. RESULTS AND DISCUSSION
In Fig. 3 the results for the loal magnetization m =
n˜Ai,↑ − n˜Ai,↓, for i = 1, 2, are shown as a funtion of
the Hubbard parameter U for dierent ribbon widths N .
For eah ribbon width we have omputed the loal mag-
netization at sites of the A sublattie belonging to ells
n = 0, n = 1, and right at the middle of the ribbon
(see Fig. 1). The rst onlusion we an draw is that
sites near the edge get polarized even for very small U ,
while sites in the middle of the ribbon behave like bulk
bilayer [21℄. Another interesting feature shown in Fig. 3
is that at the onsidered edge the magnetization of A2
sites is larger than that of A1 sites, an asymmetry that
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FIG. 3: Dependene of the magnetization m = n˜Ai,↑ − n˜Ai,↓,
with i = 1, 2, on the interation parameter U for dierent
ribbon widths N . The magnetization was omputed at sites
n = 0, n = 1, and at the middle of the ribbon. Solid lines are
for the upper layer (i = 1) and dashed lines for the bottom
layer (i = 2). The result for graphite double sheet (bulk
bilayer) is also shown.
vanishes away from the edge. We will ome bak to this
below. As regards the B sublattie its magnetization (not
shown in Fig. 3) is always similar to the bulk result even
right at the edge (n = 0). However, when we move to the
opposite edge, the A and B sublatties hange roles: B
sites at the opposite edge get polarized for very small U
while A sites show the bulk result. The onlusion then
is that edge magnetization involving dierent sublatties
at opposite edges is showing up in zigzag bilayer ribbons,
even for very small U . In partiular we get m ≈ 0.2µB
right at the edge for U = 0.1t ≈ 0.3 eV, similar to what
is found in graphene [13℄.
A better understanding of the edge magnetization is
ahieved by xing U and plotting the loal magnetiza-
tion m = n˜Γi,↑ − n˜Γi,↓ aross the ribbon setion for
Γi = A1, A2, B1, B2. This is done in Fig. 4 for dier-
ent ribbon widths and for a xed interation parameter
U = 0.1t. As is learly seen, for suh a small intera-
tion only the edges are polarized. Moreover, the edge
magnetization is opposite on opposite edges  antiferro-
magneti arrangement aross the ribbon. Also, we an
see that at the edge starting with ell n = 0 only sub-
lattie A has a nite magnetization, whereas at the op-
posite edge only sublattie B has non-vanishing magne-
tization. Finally, it is also apparent that at eah edge
the non-zero sublattie magnetization has same sign in
both layers  ferromagneti arrangement along the edge.
These observations are onsistent with rst-priniples
density-funtional alulations of the magneti struture
of graphiti fragments (innite number of layers) [22℄ and
bilayer graphene nanoribbons [23℄.
We have seen in Se. III that bilayer edge states have
the following property: at the edge starting with n = 0
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FIG. 4: (Color online) Magnetization m = n˜Γi,↑− n˜Γi,↓ along
the ribbon ross setion for the Γi = A1, A2, B1, B2. Three
dierent ribbon widths were onsidered: N = 50, 200, 400
from top to bottom. The interation parameter was set to
U = 0.1t.
they live only on sublattie A, while at the opposite edge
they live only on sublattie B, as given by Eqs. (19-22).
The above results for the edge magnetization may there-
fore be attributed to the polarization of edge states in
order to redue on-site Coulomb energy. This interpreta-
tion also provides an explanation for the layer dierene
in loal magnetization. As mentioned before, it an be
seen in Fig. 3 that the magnetization at A2 sites is higher
than at A1 sites for the edge starting with n = 0. If we
reall Eqs. (19) and (20) for the wave funtion amplitudes
at the onsidered edge we immediately see that while the
two edge state families ontribute to A2 only one has
nite amplitude at A1 sites. The same is true for B1
and B2 sites, in agreement with Eqs. (21) and (22). As
regards the antiferromagneti polarization between edge
states living in opposite edges, it guarantees a ground
state with zero total magnetization, as it is known to be
the ase for the half-lled Hubbard model [24℄.
Finally we note that edge magnetization gives rise to
a nite gap at the Fermi level, in omplete analogy to
monolayer graphene [17℄. Half-metalliity has been pre-
dited for zigzag single layer ribbons due to the edge mag-
netization and the presene of a nite gap [18℄. We ex-
pet that bilayer ribbons also beome half-metalli, with
an extra swithing apability owing to the eet of a per-
pendiular eletri eld [10, 11℄.
V. CONCLUSIONS
We have studied the edge magnetization in bilayer
graphene ribbons with zigzag edges. The presene of at
edge-state bands at the Fermi energy of undoped bilayer,
whih gives rise to a strong peak in the density of states,
makes bilayer ribbons magneti at the edges even for very
small on-site eletroni repulsion. Using the Hubbard
model in the Hartree Fok approximation we have shown
that the magneti struture in bilayer ribbons with zigzag
edges is ferromagneti along the edge, involving sites of
the two layers but belonging to the same sublattie, and
antiferromagneti between opposite edges and involving
sites of dierent sublatties. This magneti struture is
a onsequene of the nature of the edge states present in
bilayer ribbons with zigzag edges.
The experimental observation of edge magnetism in bi-
layer graphene nanoribbons, and possible appliation as
graphene-based magneti nanostrutures, has the 1D na-
ture of the spin polarized state as a major drawbak. In
single layer graphene a rossover temperature Tx ≈ 10K
has reently been estimated for the magneti orrelations
at zigzag edges [25℄. Below Tx the spin orrelation length
grows exponentially with dereasing temperature, while
above Tx it is inversely proportional to the temperature.
This behavior limits the long-range magneti order to
∼ 1 nm at 300K. We have shown, within Hartree Fok,
that zigzag bilayer nanoribbons have a broken-symmetry
ground state with a nite spin polarization along the
edges even at small on-site Hubbard repulsion. The pres-
ene of an extra layer with respet to the monolayer ase,
and the fat that bilayer edge states have an enhaned
penetration into the bulk, should aet the rossover
temperature Tx and the room temperature orrelation
length. Further work is needed to understand to what
extent.
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